On the Number of Gradings on Matrix Algebras by Diniz, Diogo & Pellegrino, Daniel
ar
X
iv
:2
00
4.
02
28
5v
1 
 [m
ath
.R
A]
  5
 A
pr
 20
20
ON THE NUMBER OF GRADINGS ON MATRIX ALGEBRAS
DIOGO DINIZ AND DANIEL PELLEGRINO
Abstract. We determine the number of isomorphism classes of elementary gradings by a finite group
on an algebra of upper block-triangular matrices. As a consequence we prove that, for a finite abelian
group G, the sequence of the numbers E(G,m) of isomorphism classes of elementary G-gradings on the
algebra Mm(F) of m × m matrices with entries in a field F characterizes G. A formula for the number
of isomorphism classes of gradings by a finite abelian group on an algebra of upper block-triangular
matrices over an algebraically closed field, with mild restrictions on its characteristic, is also provided.
Finally, if G is a finite abelian group, F is an algebraically closed field and N(G,m) is the number of
isomorphism classes of G-gradings on Mm(F) we prove that N(G,m) ∼
1
|G|!
m|G|−1 ∼ E(G,m).
1. Introduction
Let F be a field, all vector spaces, algebras and tensor products are considered over F. Let A be an
algebra and G a group. A G-grading on A is a decomposition
A = ⊕g∈GAg
of A as a direct sum of subspaces such that AgAh ⊂ Agh for all g, h ∈ G, we say that A is a G-graded
(or simply graded) algebra. If A = ⊕g∈GAg and B = ⊕g∈GBg are G-graded algebras, we recall that an
isomorphism of G-graded algebras ϕ : A → B is an isomorphism of algebras such that ϕ (Ag) ⊂ Bg for
all g ∈ G. We also recall that the non-zero elements a ∈ Ag are called homogeneous of degree g. The
problem of classifying and counting all the possible G-gradings (up to isomorphisms) in an algebra A
has been investigated by several authors. The gradings on matrix algebras are described in [1], [2] and
[3]; we refer to the monograph [12, Chapter 2] for an account of the classification of gradings on matrix
algebras. The gradings on algebras of upper triangular matrices and on algebras of upper block-triangular
matrices are described in [6] and [13], respectively, and the isomorphisms of gradings on algebras of upper
block-triangular matrices are studied in [5] and [9]. The problem of counting gradings on such algebras
has been investigated in [4], [7] and [8].
From now on Mm(F) is the algebra of m ×m matrices with entries in F. Let m = (m1, . . . ,ms) be
an s-tuple of positive integers and let m = m1 + · · · +ms. We denote by UT (m) the algebra of upper
block-triangular matrices in Mm(F) of the form

A11 A12 · · · A1s
0 A22 · · · A2s
...
...
. . .
...
0 0 · · · Ass


where Aij is a block of size mi ×mj .
The algebras of upper block-triangular matrices and their Z2-gradings appear in a fundamental way
in the classification of minimal varieties of algebras presented in [10], [11]. We remark that the matrix
algebra Mm(F) and the algebra UTm(F) of m × m upper triangular matrices over F are examples of
algebras of upper block-triangular matrices. A G-grading on UT (m) is elementary if every elementary
matrix eij in UT (m) is homogeneous, we recall that eij is the matrix with 1 in the (i, j)-th entry and
0 elsewhere. In this case it is well known that there exists an n-tuple g = (g1, . . . , gn) ∈ G
n such that
2010 Mathematics Subject Classification. 16W50, 16W22.
Key words and phrases. Graded algebra; Matrix algebra; algebra of upper block-triangular matrices; elementary
gradings.
D. Diniz was partially supported by CNPq grants No. 301704/2019-8, No. 406401/2016-0 and No. 421129/2018-2.
D. Pellegrino was partially supported by CNPq grant No. 307327/2017-5 and grant 2019/0014 Paraiba State Research
Foundation (FAPESQ).
1
2 D. DINIZ AND D. PELLEGRINO
eij is homogeneous of degree gig
−1
j . If D is a G-graded algebra, the algebra A = UT (m)⊗D admits a
G-grading A = ⊕g∈GAg such that
Ag = span{eij ⊗ d | d ∈ Dh, gihg
−1
j = g}.
We denote by E(G,m) the number of isomorphism classes of elementary G-gradings on UT (m) and
by N(G,m) the number of isomorphism classes of G-gradings on UT (m). For the matrix algebraMm(F)
we use the notations E(G,m) and N(G,m) for the numbers of isomorphism classes of elementary and
arbitrary G-gradings, respectively. We provide in Theorem 3.3, for an arbitrary finite group G, a formula
for E(G,m). A. Valenti and M. Zaizev proved that every grading by an arbitrary group on UTn(F) is
isomorphic to an elementary grading, see [6]. As a consequence of Theorem 3.3 we conclude that the
number of gradings by a finite group G on UTn(F) is |G|
n−1
. This result was obtained in [7, Theorem
2.3] as a consequence of the study of graded polynomial identities for UTn(F). For finite abelian group
G we provide a formula for N(G,m) in Theorem 4.3.
We study the asymptotic growth of E(G,m) and N(G,m). We prove that E(G,m) ∼ 1|G|!m
|G|−1 for a
finite group G, see Proposition 3.9. The main results of this paper provide the exact asymptotic growth
of N(G,m) for a finite abelian group G and show that the sequence (E(G,m))
∞
m=1 characterizes such
groups:
Theorem 1.1. Let G,H be finite abelian groups. If E(G,m) = E(H,m) for every natural number m,
then G ∼= H. Moreover, in general, the result does not hold for non-abelian groups.
The number of isomorphism classes of elementary gradings by a finite group of prime exponent is
given in Example 3.6. As a consequence E(G,m) = E(H,m), for every natural number m, if G and H
are finite groups of prime exponent and of the same order. This remark proves the final statement of
Theorem 1.1, i.e., the result does not hold without the hypothesis that the groups are abelian.
Theorem 1.2. If the field is algebraically closed then for all finite abelian groups G , the sequences
of N(G,m) and E(G,m) have the same asymptotic growth. More precisely, N(G,m) ∼ E(G,m) ∼
1
|G|!m
|G|−1.
The paper is organized as follows. In Section 2 we prove some technical results; in Section 3 we obtain a
closed formula for E(G,m) for arbitrary finite groups (not necessarily abelian). In particular, we provide
a very simple formula for E(G,m) if G is a finite group of prime exponent and we also obtain a formula
for E(Zn,m) in terms of Euler’s totient function. Our first main result (Theorem 1.1) is proved in the
end of Section 3. In Section 4 we provide a formula for N(G,m) for a finite abelian group G and prove
the second main result (Theorem 1.2).
2. Preliminaries
In this section we present the results on the classification of gradings on algebras of upper block-
triangular matrices that will be used in the proof of the main results of the paper.
Let G be a finite group, m = (m1, . . . ,ms) be an s-tuple of positive integers and let Is = {1, . . . , s}.
Denote by γ(m, G) the set that consists of the maps a : Is × G → Z such that a(i, g) ≥ 0 for every
(i, g) ∈ Is ×G and
∑
g∈G a(i, g) = mi for i = 1, . . . , s. Given a ∈ γ(m, G) and h ∈ G the map a · h such
that (a · h)(i, g) := a(i, gh) lies in γ(m, G). Note that (a, h) 7→ a · h is a right action of G on γ(m, G).
Henceforth we consider this action of G on γ(m, G). Our main goal in this section is to prove that
there exists a bijection from the set of elementary gradings on UT (m) to the set of orbits of this action.
Next we present the result in [5, Corollary] using the notation here instead of the notation in [5], which
is in terms of rings of endomorphisms of graded flags (see [5, Definition 1, Proposition 1]).
Let n = m1 + · · ·+ms and let P1, . . . , Ps be the subsets of In such that every element of Pi is strictly
smaller than every element of Pj whenever i < j and | Pi |= mi for i = 1, . . . , s. Henceforth we denote
by Sm1 × · · · × Sms the Young subgroup associated to the partition
(1) In = ∪iPi,
of the set In, in this case Smi = {σ ∈ Sn | σ(j) = j, ∀j /∈ Pi}.
LetD be an algebra with a grading by the groupG and let g ∈ G. We may endow the same algebra with
a G-grading, denoted by [g
−1]D[g], such that for every h ∈ G a non-zero element d ∈ Dh is homogeneous
of degree g−1hg in the G-grading [g
−1]D[g]. This notation appears in the next result.
ON THE NUMBER OF GRADINGS ON MATRIX ALGEBRAS 3
Corollary 2.1. [5, Corollary 1] Let m = (m1, . . . ,ms) and m
′ = (m′1, . . . ,m
′
s′) be tuples of positive
integers and let g = (g1, . . . , gn) and g
′ = (g1, . . . , g
′
n′) be tuples of elements of G, where n = m1+ · · ·ms
and n′ = m′1 + · · ·m
′
s′ . Let B and B
′ be the algebras UT (m) and UT (m′) with the elementary gradings
induced by g and g′, respectively. Let D and D′ be G-graded algebras with a division grading. The
G-graded algebras B ⊗D and B′ ⊗D′ are isomorphic if and only if m = m′, there exists a g ∈ G such
that [g
−1]D[g] is isomorphic to D′ and there exist h1, . . . , hn ∈ suppD and σ ∈ Sm1 × · · · ×Sms such that
g′i = gσ(i)hσ(i)g for i = 1, . . . , n.
As a consequence of the corollary above we prove the main result of this section.
Proposition 2.2. Let m = (m1, . . . ,ms) be an s-tuple of positive integers and let G be a group. There
exists a bijection between the set of isomorphism classes of elementary G-gradings on UT (m) and the set
of orbits of the right G-action on γ(m, G).
Proof. Let n = m1 + · · · +ms and let P1, . . . , Ps be the sets in the partition (1) of In. We associate
to the tuple h = (h1, . . . , hn) ∈ G
n the map a(h) such that
a(h)(i, g) :=| {j ∈ Pi | hj = g} | .
Note that a(h) ∈ γ(m, G) and h 7→ a(h) is a surjective map. If g = (g1, . . . , gn) and g
′ = (g′1, . . . , g
′
n)
are tuples in Gn then a(g) = a(g′) if and only if there exists σ ∈ Sm1 × · · · × Sms such that g
′
i = gσ(i)
for i = 1, . . . , n. Also, a(g) · g−1 is the map associated to the tuple (g1g, . . . , gng). Hence a(g) and a(g
′)
lie in the same orbit if and only if there exist σ ∈ Sm1 × · · · × Sms and g ∈ G such that g
′
i = gσ(i)g for
i = 1, . . . , n. Corollary 2.1 implies that this holds if and only if the elementary gradings induced by g
and g′ are isomorphic. Therefore the map that associates to the isomorphism class of the elementary
grading on UT (m) induced by g ∈ Gn the orbit of a(g) is a bijection. 
We end this section with the results on the classification of gradings on algebras of upper block-
triangular matrices that will be used in the proof of Theorem 4.3 that provides a formula for N(G,m).
Theorem 2.3. [13] Let G be any group, let m = (m1,m2, . . . ,ms) be an s-tuple of positive integers
and consider any G-grading the algebra A = UT (m) of upper block-triangular matrices over a field F.
Suppose that either charF = 0 or charF > dimA. Then there exists a division G-grading D on Mn(F)
and an algebra B = UT (n), where n = (n1, . . . , ns), of upper block-triangular matrices endowed with an
elementary grading, such that A ∼= B ⊗D.
We remark that for a matrix algebra, i.e., for s = 1 the above result holds for an arbitrary field F.
Remark 2.4. It follows from the known classification results of gradings on matrix algebras that the
above result holds for matrix algebras without the hypothesis on the characteristic of the field F, see [12,
Corollary 2.12].
As commented in [13], it is an interesting question if Theorem 2.3 holds for an arbitrary field.
3. Counting elementary gradings and the proof of Theorem 1.1
We begin this section determining the number of isomorphism classes of elementary gradings by a
finite group G on algebras of upper block-triangular matrices. We use following well known result.
Lemma 3.1. [Burnside–Cauchy–Frobenius] Let G be a finite group acting on a finite set X. Then the
number of orbits equals the average number of fixed points:
|X/G| =
1
|G|
∑
g∈G
Fix(g),
where
Fix(g) = |{x ∈ X : x · g = x}| .
The number of elements of order m in Zm is given by Euler’s totient function φ : N → N; we recall
that φ(n) = n
∏
p|n
(
1− 1p
)
. In Proposition 3.7 we determine the map, in terms of φ, that associates to
a positive integer t the number of elements of order t in Zm. This is a particular case of the map in the
next definition.
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Definition 3.2. Let G be a finite group. We denote by ϕG the map N→ N that associates to t ∈ N the
number of elements of G of order t.
We are now ready to provide a formula for the number of isomorphism classes of elementary gradings
by a finite group in an algebra of upper block triangular matrices. We recall that for a finite group G its
exponent, denoted by Exp(G), is the least common multiple of the orders of its elements.
Theorem 3.3. Let G be a finite group and let m = (m1, . . . ,ms) be a tuple of positive integers. The
number E(G,m) of isomorphism classes of elementary G-gradings on the algebra of upper block-triangular
matrices UT (m) is
E(G,m) =
1
|G|

∑
t|d
s∏
i=1
(mi
t +
|G|
t − 1
mi
t
)
ϕG(t)

 ,
where d = gcd (m1, . . . ,ms,Exp(G)).
Proof. We prove that for an element h ∈ G of order t
Fix(h) =


0 if t ∤ mi for some i
∏s
i=1
(
qi+k−1
qi
)
if mi = qit,
where k = |G|t . The result then follows from Lemma 3.1. Let a : Is×G→ Z be a map such that a ·h = a.
Note that a(i, gh) = a(i, g) for every (i, g) ∈ Is ×G, and it follows by induction that
a(i, ghn) = a(i, g),
for every non-negative integer n. Let H = {e, h, . . . , ht−1} and let g1H, . . . , guH be the lateral classes of
H in G. We have
mi =
∑
g∈G
a(i, g) =
u∑
j=1
∑
h′∈H
a(i, gjh
′) = t

 u∑
j=1
a(i, gj)

 ,
therefore t | mi for i = 1, . . . , s. Hence Fix(h) = 0 if t ∤ mi for some i ∈ Is. Now assume that there exist
integers q1, . . . , qs such that mi = qit for i ∈ Is. In this case the number of elements of γ(m, G) fixed by h
is equal to the number of functions aˆ : Is×G/H → Z such that aˆ(i, gH) ≥ 0 for every (i, gH) ∈ Is×G/H
and
∑
gH∈G/H aˆ(i, gH) = qi for every i ∈ Is. The number of such maps is
∏s
i=1
(
qi+k−1
qi
)
.

A particular case of the previous theorem, for matrix algebras, is the following corollary.
Corollary 3.4. Let G be a finite group. For be a positive integer m, the number E(G,m) of isomorphism
classes of elementary G-gradings on Mm(F) is
E(G,m) =
1
|G|

∑
t|d
(m
t +
|G|
t − 1
m
t
)
ϕG(t)

 ,
where d = gcd (m,Exp(G)).
Next we apply of Theorem 3.3 for the algebra of upper triangular matrices.
Corollary 3.5. The number of isomorphism classes of gradings by a finite group G on the algebra UTn(F)
of upper triangular matrices with entries in the field F is |G|
n−1
.
Proof. As a consequence of [6, Theorem 7] every G-grading on UTn(F) is isomorphic to an elementary
grading. Hence the number of isomorphism classes of G-gradings on UTn(F) coincides with the number
of isomorphism classes of elementary gradings on this algebra. The result now follows directly from
Theorem 3.3.

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The formula above is given in terms of the map ϕG in Definition 3.2. If Exp(G) is a prime number p
it is plain that
ϕG(t) =


1 if t = 1
|G| − 1 if t = p
0 if t ∤ p
As a consequence we obtain the following formula for E(G,m) if G is a finite group of prime exponent.
Example 3.6. Let G be a group of prime exponent p and order pn. Then
E(G,m) =


1
pn
(
m+pn−1
m
)
if gcd(p,m) = 1
1
pn
((
m+pn−1
m
)
+
(m
p
+pn−1−1
m
p
)
(pn − 1)
)
if gcd(p,m) = p
A recurrence formula for E(Znp ,m) was obtained in [4], explicit formulas are given for n = 1, 2. We
remark that as a consequence of the previous example if G and H are groups of prime exponent p and
order pn then E(G, ·) = E(H, ·) even if G and H are not isomorphic. In Theorem 1.1 we prove that if G
and H are abelian groups then the previous equality implies that G and H are isomorphic.
Proposition 3.7. Let n be a positive integer. Then
ϕZn(t) =


φ(t) if t | n
0 if t ∤ n.
Proof. Let t be a natural number. If t ∤ n then it is clear that ϕZn(t) = 0. Now assume that t | n. The
elements of Zn of order t lie in the subgroup H of Zn of order t, hence ϕG(t) = ϕH(t). Since H ≃ Zt it
follows that ϕH(t) = φ(t).

The proposition above combined with Corollary 3.4 allow us to provide a formula for E(Zn,m) in
terms of Euler’s totient function. For a cylcic group of order a power of a prime, an explicit formula is
given in the next example.
Example 3.8. Let p be a prime number and let n be a natural number. If m = pkm′, where p ∤ m′ then
E(Zpn ,m) =
1
pn
((
m+ pn − 1
m
)
+
k∑
i=1
(
pk−im′ + pn−i − 1
pk−im′
)
(pi − pi−1)
)
,
Note that the maps E(Znp , ·) and E(Zpn , ·) are different, however the their asymptotic growth is the
same. In the next proposition we prove that the asymptotic growth of E(G, ·) is determined by the order
of G.
Proposition 3.9. Let G be a finite group. If d | Exp(G) then there exists a polynomial pGd (x) of
degree |G| − 1, leading coefficient 1|G|! and p
G
d (m
′) ≥ 0 for every m′ ≥ 0, such that E(G,m) = pGd (m)
whenever gcd(Exp(G),m) = d. Moreover pG1 (m) ≤ E(G,m) ≤ p
G
Exp(G)(m) for every natural number m,
in particular E(G,m) ∼ 1|G|!m
|G|−1.
Proof. Let fGt (x) =
1
( |G|t −1)!
(xt +
|G|
t −1)(
x
t +
|G|
t −2) · · · (
x
t +1) and let p
G
d (x) =
1
|G|
(∑
t|d f
G
t (x)ϕG(t)
)
.
Note that pGd (x) is a polynomial of degree |G| − 1 and leading coefficient
1
|G|! . Corollary 3.4 implies that
E(G,m) = pGd (m) whenever gcd(Exp(G),m) = d. Moreover since f
G
t (m) > 0 for every m it follows that
pG1 (m) ≤ E(G,m) ≤ p
G
Exp(G)(m) for every natural number m. Since limm→∞
pd(m)
1
|G|!
m|G|!−1
= 1 for every
divisor d of Exp(G) it follows from the previous inequalities that E(G,m) ∼ 1|G|!m
|G|−1.

An immediate consequence of the proposition above is the following result.
Corollary 3.10. If G and H are finite groups then E(G,m) ∼ E(H,m) if and only if |G| = |H |.
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Now we prove that the map E(G, ·) determines ϕG.
Proposition 3.11. Let G, H be finite groups. The equality E(G,m) = E(H,m) holds for every m if
and only if ϕG = ϕH .
Proof. If ϕG = ϕH then |G| = |H | and Exp(G) = Exp(H); thus Corollary 3.4 implies that E(G,m) =
E(H,m) for every m. Now assume that the equality E(G,m) = E(H,m) holds for every m. Corollary
3.10 implies that |G| = |H | := k. We have ϕG(1) = 1 = ϕH(1). Let t
′ be a natural number and assume
that ϕG(t) = ϕH(t) for every t < t
′. We prove that ϕG(t
′) = ϕH(t
′), hence it follows by induction that
ϕG(t) = ϕH(t) for every t ∈ N. If t
′ ∤ k then ϕG(t
′) = 0 = ϕH(t
′). Now assume that t′ | k. Since
E(G, t′) = E(H, t′), |G| = |H | and ϕG(t) = ϕH(t) for every t < t
′ it follows from Corollary 3.4 that
ϕG(t
′) = ϕH(t
′).

Finally, we are able to prove Theorem 1.1 stated in the Introduction.
3.1. Proof of Theorem 1.1. Proposition 3.11 implies that ϕG = ϕH . We shall prove that this implies
that G ∼= H . Let p be a prime number and let G(p) denote the set of elements of G whose order is a
power of p. We define H(p) analogously. Corollary 3.10 implies that |G| = |H | := n. For every prime
number p that divides n, G(p) and H(p) are non-trivial subgroups of G and H , respectively and
G = ⊕p|nG(p) and H = ⊕p|nH(p).
Note that for every prime number p and every natural number s we have ϕG(p)(p
s) = ϕG(p
s) and
ϕH(p)(p
s) = ϕH(p
s). Since ϕG = ϕH we conclude that ϕG(p) = ϕH(p). The result follows if we
prove that G(p) ∼= H(p) for every prime number p that divides n. There exist natural numbers
t, t′, u1, . . . ut, v1, . . . , vt′ satisfying u1 ≥ · · · ≥ ut > 0 and v1 ≥ · · · ≥ vt′ > 0 such that
G(p) ∼= Zpu1 × · · · × Zput and H(p) ∼= Zpv1 × · · · × Zpvt′ .
Let ψG(p)(t) be the number of elements of G(p) of order at most t. We define ψH(p) analogously. Since
ϕG(p) = ϕH(p) we conclude that ψG(p) = ψH(p). In particular G(p) and H(p) have the same order.
Let pα = |G(p)|. Let s be a natural number with 1 ≤ s ≤ u1 and let l be the greatest integer such
that ul ≥ s, we have ψG(p)(p
s) = pα−(u1+···+ul)+ls. Note that u1 is the greatest integer that satisfies
ψG(p)(p
s) > ψG(p
s−1). Since ψG(p) = ψH(p) we conclude that u1 = v1. Let r and r
′ be the greatest
indexes such that ur = u1 and vr′ = v1; for s = u1 − 1 we have
ψG(p)(p
s) = pn−rv1+rs and ψH(p)(p
s) = pn−r
′u1+r
′s.
Since ψG(p) = ψH(p) and v1 = u1 we conclude that r = r
′. We proceed in this way and conclude that
t = t′ and ui = vi for i = 1, . . . , t. This implies that G(p) ∼= H(p).

Let p be a prime number let α be a positive integer and let λ = (u1, . . . , ut) ⊢ α be a partition of α,
here u1 ≥ · · · ≥ ut > 0, and let n = p
α. We denote by Gp,λ the group Zpu1 × · · · × Zput . Let αλ be the
function given by αλ(s) = α for s > u1 and αλ(s) = α − (u1 + · · · + ul) + ls for s ≤ u1, where l is the
greatest integer such that ul ≥ s. It follows from the proof of the previous result that ψGp,λ(p
s) = pαλ(s).
Therefore ϕGp,λ(p
s) = pαλ(s) − pαλ(s−1), for s ≥ 1 and ψGp,λ(1) = 1. Now let G be an abelian group of
order n and let n = pα11 · · · p
αk
k be the decomposition of n as a product of prime numbers. There exist
partitions λi ⊢ αi, for i = 1, . . . , k such that G ∼= Gp1,λ1 × · · · ×Gpk,λk . It will be convenient to assume
that αλ(−1) = −∞ and that p
αλ(−1) = 0. Given t = ps11 · · · p
sk
k be a divisor of n have
ϕG(t) =
(
p
αλ1(s1)
1 − p
αλ1 (s1−1)
1
)
· · ·
(
p
αλk (sk)
k − p
αλk (sk−1)
k
)
.
Together with Corollary 3.4 this allows us to obtain a formula for E(G,m) if G is a finite abelian group.
4. Counting gradings and the proof of Theorem 1.2
Our goal now is to determine the number of gradings by a finite abelian group G on an algebra of upper
block-triangular matrices. We first state the following theorem that gives the classification of division
gradings on matrix algebras, over an algebraically closed field, with support a finite abelian group.
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Theorem 4.1. [12, Theorem 2.15] Let T be a finite abelian group and let F be an algebraically closed
field. There exists a grading on the matrix algebra Mn(F) with support T making Mn(F) a graded division
algebra if and only if charF does not divide n and T ∼= Z2l1×· · ·×Z
2
lr
, l1 · · · lr = n. The isomorphism classes
of such gradings are in one–to–one correspondence with the non-degenerate alternating bicharacters β :
T × T → F×.
Definition 4.2. Let T (G, k) = {T ≤ G | T ∼= Z2l1 × · · · × Z
2
lr
, l1 · · · lr = k}. Let D(T, k) denote the
number of isomorphism classes of division gradings with support T on Mk(F).
As a consequence of Corollary 2.1 and the previous theorem we have the following result.
Theorem 4.3. Let G be a finite abelian group. Let m = (m1, . . . ,ms) be an s-tuple of positive integers
and let F be an algebraically closed field. If s > 1 we assume that charF = 0 or charF > dimUT (m).
Given k 6= 0 we denote by mk the s-tuple whose i-th entry is
mi
k . The number of isomorphism classes of
G-gradings on UT (m) is
∑
k|mi,1≤i≤s

 ∑
T∈T (G,k)
D(T, k)E
(
G/T,
m
k
) .
Proof. Let (k, T, β,o) be a quadruple such that k | mi for i = 1, . . . , s, T ∈ T (G, k), β : T × T → F
×
is a non–degenerate alternating bicharacter and o is an orbit of the G/T -action on γ(mk , G/T ). Denote
by Q the set of such quadruples. Let q = (k, T, β,o) ∈ Q. Let D be a division grading on Mk(F) that
is a representative of the isomorphism class that corresponds to β : T × T → F× under the one–to–one
correspondence in Theorem 4.1. Let B˜ be an elementary grading in the class that corresponds to o under
the one–to–one correspondence in Proposition 2.2. Let g = (g1T, . . . , gn
k
T ), where n = m1 + · · · +ms,
be a tuple of elements of G/T that induces the elementary grading on B˜ and let B be the elementary
G-grading on UT (mk ) induced by (g1, . . . , gnk ). The algebra B ⊗ D is isomorphic to UT (m) via the
Kronecker product. Let A be the corresponding G-grading on UT (m) and denote by [q] the isomorphism
class of A. Corollary 2.1 implies that [q] is independent of the choices of D, B˜ and g1, . . . , gn
k
. Hence
we obtain a map q → [q] from Q to the set of isomorphism classes of G-gradings on UT (m). Theorem
2.3 implies that this map is surjective. Let q = (k, T, β,o) and q′ = (k′, T ′, β′,o′) be quadruples in Q
such that [q] = [q′]. Let B ⊗D and B′ ⊗D′ be the algebras obtained from the construction above for q
and q′, respectively. Then D and D′ are the division gradings on Mk(F), Mk′(F) associated to β and β
′,
respectively and B˜, B˜′ are the elementary gradings associated to o, o′ respectively. The equality [q] = [q′]
implies that B ⊗D ∼= B′ ⊗D′. Since G is abelian we have [g
−1]D[g] = D and Corollary 2.1 implies that
B ⊗ D ∼= B′ ⊗ D′ if and only if D ∼= D′ and B˜ ∼= B˜′. Since D ∼= D′ it follows that k = k′, moreover
Theorem 4.1 implies that T = T ′ and β = β′. The isomorphism B˜ ∼= B˜′ together with Proposition 2.2
imply that o = o′. Hence q = q′ and the map is also injective.
We obtain in this way a bijection from Q to the set of isomorphism classes of G-gradings on UT (m).
Let k be a positive integer such that k | mi for i = 1, . . . , s and let T be a group in T (G, k). Theorem
4.1 implies that the number of non-degenerate alternating bicharacters on T is D(T, k) and Proposition
2.2 implies that the number of orbits of the G/T -action on γ(mk , G/T ) is E(
m
k , G/T ). Hence the number
of quadruples (k′, T ′, β′,o′) ∈ Q such that k′ = k and T ′ = T is D(T, k)E
(
G/T, mk
)
. As a consequence
the number of quadruples in Q and hence the number of isomorphism classes of G-gradings on UT (m)
is
∑
k|mi,1≤i≤s
∑
T∈T (G,k)D(T, k)E
(
G/T, mk
)
.

Now we finish the paper by proving Theorem 1.2
4.1. Proof of Theorem 1.2. Corollary 4.3 implies that
N(G,m) =
∑
k|m
∑
T∈T (G,k)
D(T, k)E
(
G/T,
m
k
)
.
Proposition 3.9 implies that
E(G,m) ≤ N(G,m) ≤ E(G,m) +
∑
1<k|m
T∈T (G,k)
D(T, k)pGExp(G/T )
(m
k
)
.
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The sum on the right side of the inequalities above is a polynomial of degree strictly smaller than |G|−1.
Hence the above inequalities and Proposition 3.9 imply that N(G,m) ∼ 1|G|!m
|G|−1.

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